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Relativistic Einstein-Podolsky-Rosen correlations for vector and tensor states
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We calculate and investigate the relativistic correlation function for bipartite systems of spin-1/2 in
vector and spin-1 particles in tensor states. We show that the relativistic correlation function, which
depends on particles momenta, may have local extrema. What is more, the momentum dependance
of the correlation functions for two choices of relativistic spin operator may be significantly different.
PACS numbers: 03.65 Ta, 03.65 Ud
I. INTRODUCTION
We have recently shown that for the scalar states the relativistic Einstein-Podolsky-Rosen (EPR) correlation func-
tion, which depends on the particle four-momenta, may have local extrema for certain fixed configurations in massive
particle systems [1–5]. Such extrema are present for bipartite systems of both spin-1/2 and spin-1 particles, for two
different choices of the relativistic spin operator. This property has not been reported in any of the earlier papers on
the subject [6–24].
Moreover we have shown that in certain configurations relativistic quantum correlations can be stronger than in
the non-relativistic case, leading to stronger violation of the Bell-type inequalities.
The aim of the present paper is to extend our considerations on non-scalar states. We present and discuss new
results for the correlation functions for vector states (for spin-1/2 particles) and antisymmetric tensor states (for
spin-1 particles).
II. PRELIMINARIES
In order to calculate correlations between spin degrees of freedom, we need a properly defined relativistic spin
operator. The difficulty is that there does not exist any unambiguous definition of such an operator [7–10, 12, 16, 17,
21–25]. In calculations of relativistic EPR correlation functions one most frequently uses the so called Newton-Wigner
spin operator [26]
SˆNW =
1
m
(
Wˆ − Wˆ 0 Pˆ
Pˆ 0 +m
)
, (1)
or the operator related to the projection of the center-of-mass (c.m.) spin operator on the direction ω (see e.g. [9])
Sˆcm(ω) =
ω · Wˆ√
m2 + (ω · Pˆ )2
. (2)
For the discussion of this point see [2]. Below we perform calculations for both choices of the spin operator.
The states, for which we calculate the relativistic correlation functions are defined as follows. The Hilbert space of
a single particle of mass m and spin s is spanned by eigenvectors of the four-momentum operators Pˆµ:
Pˆµ|q, σ〉 = qµ|q, σ〉, (3)
where σ is the value of the spin projection on the z axis; σ = {−s,−s+ 1, . . . , s}, and qµ = (q0, q). We assume the
covariant normalization of the states (3).
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2In EPR-type experiments one deals with bipartite states. For the sake of convenience we introduce the following
notation for fermionic (half-integer s) and bosonic (integer s) bipartite states:
|(k, σ), (p, λ)〉f = 1√
2
(|k, σ〉 ⊗ |p, λ〉 − |p, λ〉 ⊗ |k, σ〉), (4)
|(k, σ), (p, λ)〉b = 1√
2
(|k, σ〉 ⊗ |p, λ〉+ |p, λ〉 ⊗ |k, σ〉), (5)
respectively.
Classification of all bipartite states covariant with respect to the Lorentz group action has been discussed in our
earlier papers. For vector bosons it was done in Ref. [1] and for fermions in Ref. [8]. In particular for a bipartite
system of spin-1/2 particles the vector state reads
|ϕ〉 = −iϕµ(vT(k)γ2γ0γµv(p))σλ|(k, σ), (p, λ)〉f , (6)
where γµ denotes the Dirac matrices (for the convention used see [8]), |(k, σ), (p, λ)〉f is defined by Eq. (4) and the
Dirac field amplitude v(q) (q = {k, p}) is a 2× 4 matrix of the form [8]
v(q) =
1
2
√
1 + q
0
m
( (
1 + 1
m
qµσµ
)
σ2(
1 + 1
m
qpiµσµ
)
σ2
)
, (7)
where qpi = (q0,−q), σµ = (1 , σi) and σi, i = {1, 2, 3} are the Pauli matrices.
The tensor state for a bipartite system of spin-1 particles has the form
|Φ〉 = Tµνeµσ(k)eνλ(p)|(k, σ), (p, λ)〉b, (8)
where |(k, σ), (p, λ)〉b is defined by Eq. (5) and the amplitude e(q) (q = {k, p}) reads [1]
e(q)=
(
qT
m
1 + q⊗q
T
m(m+q0)
)
V T, V =
1√
2

 −1 i 00 0 √2
1 i 0

 . (9)
As Tµν we take the most general form of an antisymmetric tensor
Tµν =
(
0 αj
−αi ǫijkβk
)
, (10)
where α and β are arbitrary complex vectors fixing the polarization of the state (8).
III. CORRELATION FUNCTIONS
Now let us consider two distant observers in the same inertial frame of reference—Alice and Bob. Both share a
pair of particles of mass m in one of the states (6) or (8). Alice measures the spin component of one particle along
the direction a and Bob measures the spin component of the other particle along the direction b. Their observables
are a · SˆNW and b · SˆNW for (1) and Sˆcm(a) and Sˆcm(b) for (2), respectively. The normalised correlation functions
for an arbitrary bipartite state |ψ〉 are then given by
Cψ(k,p)NW (a, b) =
〈ψ|(a · SˆNW )(b · SˆNW )|ψ〉
s2〈ψ|ψ〉 (11)
or
Cψ(k,p)cm (a, b) =
〈ψ|Sˆcm(a)Sˆcm(b)|ψ〉
s2〈ψ|ψ〉 , (12)
respectively.
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FIG. 1: The plot shows dependance of C
ϕ(k,kpi)
NW (x,a, b,ϕ) (solid line) and C
ϕ(k,kpi)
cm (x,a, b,ϕ) (dashed line) on x for a ·n = 1,
b ·n = a · b = 1/
√
2, a ·ϕ = n ·ϕ = 1/2 and b ·ϕ = −0.08. The first one has maximum equal to 0.89 at x = 2.30 and the
second one increases monotonically to 1.
A. The case of the system of spin-1/2 particles
In this subsection we calculate the correlation function for a spin-1/2 system in a vector state for the c.m. spin
operator [c.f. Eq. (2)]. The corresponding correlation function for the Newton-Wigner spin operator [Eq. (1)] has been
calculated elsewhere [8]. In view of lengthy formulae in a general case, we restrict our considerations to the case of
the center-of-mass frame (c.m. frame), that is to a frame, in which the particles have opposite momenta (p = −k).
The correlation function for the Newton-Wigner spin operator (1) reads [8]
C
ϕ(k,kpi)
NW (x,a, b,ϕ) = a · b−
(x+ 1)[(a ·ϕ)(b ·ϕ∗) + (a ·ϕ∗)(b ·ϕ)]
(x+ 1)|ϕ|2 − x|ϕ ·n|2
− 2x
2(a ·n)(b ·n)|ϕ ·n|2
(
√
x+ 1 + 1)2 [(x+ 1)|ϕ|2 − x|ϕ ·n|2] +
x
√
x+ 1√
x+ 1 + 1
(a ·n) [(b ·ϕ)(n ·ϕ∗) + (b ·ϕ∗)(n ·ϕ)]
(x+ 1)|ϕ|2 − x|ϕ ·n|2
+
x
√
x+ 1√
x+ 1+ 1
(b ·n) [(a ·ϕ)(n ·ϕ∗) + (a ·ϕ∗)(n ·ϕ)]
(x+ 1)|ϕ|2 − x|ϕ ·n|2 , (13)
where n = k|k| , and x =
(
|k|
m
)2
. For c.m. operator (2) using Eqs. (12) and (6), we get
Cϕ(k,k
pi)
cm (x,a, b,ϕ) =
a · b+ x(a ·n)(b ·n)√
1 + x(a ·n)2
√
1 + x(b ·n)2−
(x+ 1)[(a ·ϕ)(b ·ϕ∗) + (a ·ϕ∗)(b ·ϕ)]√
1 + x(a ·n)2
√
1 + x(b ·n)2 [(x+ 1)|ϕ|2 − x|ϕ ·n|2] . (14)
Both functions may have local extrema for specific values of arguments a, b, n and ϕ. Moreover, the dependence of
the correlation functions on x differs for the spin operators (1) and (2). This is illustrated in Figs. 1–3, where the func-
tions C
ϕ(k,kpi)
NW (x,a, b,ϕ) and C
ϕ(k,kpi)
cm (x,a, b,ϕ) of the argument x are drawn for three sets of parameters a, b, n and
ϕ, as indicated in captions. In Fig. 1, the function C
ϕ(k,kpi)
NW (x,a, b,ϕ) has a local maximum, while C
ϕ(k,kpi)
cm (x,a, b,ϕ)
monotonically approaches the value of 1 for x→∞. In Fig. 2 the function Cϕ(k,kpi)cm (x,a, b,ϕ) has a maximum, while
C
ϕ(k,kpi)
NW (x,a, b,ϕ) decreases monotonically with increasing x. In Fig. 3 the function C
ϕ(k,kpi)
NW (x,a, b,ϕ) is constant
and equal −0.5, while Cϕ(k,kpi)cm (x,a, b,ϕ) increases monotonically with increasing x.
B. The case of the system of the spin-1 particles
The correlation function of a bipartite vector boson system in the state (8) can be calculated by means of Eqs. (8)
and (11). For simplicity we give the result in the c.m. frame.
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FIG. 2: The plot shows dependance of C
ϕ(k,kpi)
NW (x,a, b,ϕ) (solid line) and C
ϕ(k,kpi)
cm (x,a, b,ϕ) (dashed line) on x for a ·n = 1,
b ·n = a · b = −1/2, a ·ϕ = n ·ϕ = −0.97 and b ·ϕ = 0.48. The first one decreases monotonically to −0.5 in the ultra-
relativistic limit, the second one has maximum equal to 0.47 at x = 1.03 and its ultra-relativistic limit is −1 (full anticorrelation).
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FIG. 3: The plot shows dependance of C
ϕ(k,kpi)
NW (x,a, b,ϕ) (solid line) and C
ϕ(k,kpi)
cm (x,a, b,ϕ) (dashed line) on x for a ·n =
b ·n = 1/2, a · b = 1/4, a ·ϕ = b ·ϕ =
√
3/2
√
2 and n ·ϕ = 0. The first function is constant and equal −0.5, the second one
increases monotonically to reach 1 (full correlation) in the ultra-relativistic limit.
C
Φ(k,kpi)
NW (x,a, b,α,β) =
1
2[x(β ·n)(β∗ ·n)− x(2x+ 1)(α ·n)(α∗ ·n)− (x+ 1)(β ·β∗)− x(α ·α∗)]×
× {√x[(α ·β∗)(n · (a × b)) + (β∗ ·n)(α · (a × b))] + (x+ 1)(a ·β)(b ·β∗)
− x(a · (α∗ × n))(b · (α× n)) + 2(√x+ 1− 1)2(a ·n)(b ·n)(β ·n)(β∗ ·n)
+
√
x(
√
x+ 1− 1)[2(α ·n)(β∗ ·n)(n · (a× b)) + (a ·n)(β∗ ·n)(b · (α× n))]
− √x(√x+ 1− 1)[(a ·β∗)(b · (α× n)) + (b ·n)(β∗ ·n)(a · (α× n))− (b ·β∗)(a · (α× n))]
−√x+ 1(√x+ 1− 1)((a ·β)(b ·n)(β∗ ·n) +(b ·β)(a ·n)(β∗ ·n))} + c.c.,
(15)
where again n = k|k| , x =
(
|k|
m
)2
, and c.c. stands for the complex conjugation. For particular values of arguments,
the function may have local extrema. In particular, choosing the polarization where α = 0, function (15) reduces to
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FIG. 4: The plot shows dependence of C
Φ(k,kpi)
NW (x,a, b,β) (solid line) and C
Φ(k,kpi)
cm (x,a, b,β) (dashed line) for configuration
a ·n = −b ·n = −1/2, a · b = −0.90, a ·β = −0.79, b ·β = 0.97 and β ·n = 1/
√
2. Both functions have local maxima — the
first one equal to 0, 79 for x = 0.81, the second one 1.10 for x = 0.73. Their ultra-relativistic limits are equal 3/4
√
2 and 0
respectively.
the simpler form
C
Φ(k,kpi)
NW (x,a, b,β) =
1
x|β ·n|2 − x− 1
{
(x+1)(a ·β)(b ·β)+(√x+1−1)2(a ·n)(b ·n)(β ·n)2
− (x+ 1−√x+ 1)(β ·n)[(a ·n)(b ·β) + (a ·β)(b ·n)]} . (16)
Now taking into account that for any particle carrying four-momentum q
Sˆ(ω) =
1√
m2 + (ω · q)2
[
m(ω · SˆNW )+Wˆ 0 ω · q
m+ q0
]
, (17)
ω = {a, b}, for the spin operator (2), we have
CΦ(k,k
pi)
cm (x,a, b,β) =
(x + 1)(a ·β)(b ·β)√
1 + x(a ·n)2
√
1 + x(b ·n)2(x|β ·n|2 − x− 1) . (18)
As in the case of spin-1/2 particles, the dependence of the correlation functions corresponding to the spin operators
(1) and (2) may have significantly different dependences on the variable x. This is demonstrated in Figs. 4–7. In
Fig. 4 both functions have local maxima. In Figs. 5 and 6 we have cases, for which one of the functions is constant,
while the other one is a monotonic function of x. In Fig. 7 the function C
Φ(k,kpi)
NW (x,a, b,β) is monotonically increasing
to reach the value 0.75 in the ultra-relativistic limit, while the function C
Φ(k,kpi)
cm (x,a, b,β) monotonically decreases
to reach 0 in infinity.
IV. CONCLUSIONS
In our previous papers [1, 2], we have shown that the relativistic correlation functions in bipartite systems of spin-
1/2 and spin-1 particles in a singlet state may have local extrema in terms of particles momentum for particular values
of arguments. In this paper we have shown that a similar property appears for the correlation functions in states
which are not Lorentz singlets.
The correlation functions have been calculated for two different choices of the relativistic spin operator, and in
both cases the functions showed qualitatively similar behaviour. Nevertheless for particular values of parameters,
the behaviour of the correlation functions for different spin operators could be quantitatively different. This feature
could be used for testing which relativistic spin operator gives predictions which are in better agreement with the
experimental data.
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FIG. 5: The plot shows dependence of C
Φ(k,kpi)
NW (x,a, b,β) (solid line) and C
Φ(k,kpi)
cm (x,a, b,β) (dashed line) for configuration
a ·n = β ·n = 1/2, b ·n =
√
3/2, a · b = b ·β = 0 i a · β = 1. The function for (1) increases monotonically from 0 to
√
3/4 in
the ultra-relativistic limit.
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FIG. 6: The plot shows dependence of C
Φ(k,kpi)
NW (x,a, b,β) (solid line) and C
Φ(k,kpi)
cm (x,a, b,β) (dashed line) for configuration
a ·n = −b ·β = 1/2, b ·n = β ·n = 0, a · b =
√
3/2 i a ·β = −
√
3/4. The function for (1) is constant and equal to −
√
3/8,
function for (2) monotonically increases from −
√
3/8 to 0 in the ultra-relativistic limit.
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